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TECHNICAL NOTE NO. 74:0

STRESS CONCENTRATION AROUND AN OPEN CIRCULAR HOLE

IN A PLATE SUBJECTED TO BENDING NORMAL

TO THE PLANE OF THE PLATE

By C. Dumont

SUMMARY

An aluminum-alloy plate containin:_ an o_en circ_mlar

hole of diameter large compared with the thickness of the

plate was subjected to bending forces normal to the plane

of the plate. Deflection and strain measurements were

taken for two different loads.

Stress concentrations occurred at the edge of the

hole and the maximum stresses were tangential to the hole

at the ends of the transverse diameter. The maximum stress

at the edge of the hole was 1.59 times the computed stress

on the net section and 1.85 times the computed stress in a

solig plate of the same dimensions subjected to the same

bendin _ forces The maximum deflection _ were about 20

percent greater than the corres_0onding deflection for a

solid plate of the same size subjected to the same bending

forces.

The smalle_t edge distance was equal to 2-1/2 times

the diameter of the hole and the stress concentration on

this side of the hole was the same as on the side where

the ed@e distance was about 4-1/2 dis, meters. A theoreti_

cal analysis of the problem shows that, for s_n aluminum

plate of infinite width, the stress concentration at the

ed:_e of the hole would be 1.87 times the stress in a solid

plate, which is s_Ibstantially the same relation obtained

for the plate tested.

I_, _RODUC L I ON

It is a well-established fact that holes, fillets, and

other discontinuities in force-carrying members give rise

to concentrations of the stresses in the vicinity of the



2 _.A.C.A:. Technical _0te No. 740

discontinuities. Under conditions of rei:)eated loading,
these stress-concentration effects are of great importance
because they materially reduce the £ati_ure stren_Tth of
the members. In recent 7_rears, this problem has received
considerable attention and the stress-co'ccentration fac-
tors for open holes, notch.es, and fillets have •been deter-
mined by both photoelastic (references I, 2, and S) and
ana,!_rtica! (references ,_ and. 5) methods. To a large ex-
tent, however, these investigations have been confined to
snecimens ,:,ubjected to forces producing tvlo-dimensional
stress systems. Tuzi (reference S) and. Howland and Steven-
son (reference S) _ha, re studied the di_ributiono_ of stresses

in a _.,_,!_te_,containin_ a centrally located o_en__ circular

hole and s_ibjected to bending forces _oa_-_'_Tlel_,_.to the __olane

of the iplate. The problem of a, plate containing an open

circular hole and subjected to bendin_ forces normal, to the

\ol:_ne of the IDlate has been ana!ytic,_ll,:,, _tudied by Goodier

(reference 6). No results of any e-,_perimental determina-

tion of the stress concentration _-_round an open hole in a

plate subjected to bending forces normal to the plane of

the plate have been found. The lack of experiment_}ol infor-

mation regarding this oroblem is readily exp!airJ, ed When it

is realized that the stresses are t_,__,_. _.-dimensional and

hence have not been d.etermined b,_r photoelastic methods.

In view of this !ac_,_ of data, it was d.ecided to sub-

ject a !_late containin;_ an open circular. _ hole to bending

forces normal to the iplane of the plate and. to determine

by means of strain ":_,nd deflection _easurements definite

experimental information re_arding the distribution and

the magnitude of the stresses and the deflections.

SPECI_,'_ENS A_D PROCEDUi£E

The s-oecimen used for this investi_s_tion was a 17ST

aluminum-alloy platte 1.062 inches thick by SS inches square

and having a hole 8 inches in diameter bored in it, as

shown in figure i. This plate is the same plate used in

the -orevious investigation re-oorted in reference 7 The

center of this hole was on the center line in one direc-

tion and 20 inches from the edge of the pla, te in the other

direction. The hole was made 8 inches in diameter primari-

ly to have the diameter of the hole relatively large com-

pared _vith the I/2-inch gage length of the Kuggenber'Ter

tensiometers and seco'n_-___,_..___,y__,_-othat the tensiometers could

be placed inside the hole.
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= (eL + )
Z

2

and

'wh e r e

= (cT +
E

1 - b

o-L is lon_'_itudina! stress, _pounds per

square inch.

c_T, transverse stress, pounds per sq_lare inch.

c
L' measured longit_idinal strain, inch per inch.

T ,

b,

meas-_red transverse strain, inch per inch.

, 7_ r_J.uml humPoissonts ratio (I S for 1 _m , •

alloy ).

modulus of elasticity, lO,SO0,O00 pounds

per square inch.

In the cases for which strains were measured over

four intersecting ,_aa]e_ lines, the directions and the mag-

nitudes of the principal stresses were determined by the

dyadic circle method (reference 8).

As previous127 mentioned, load was applied to the

plate in two increments. The loads of ,S,IO0 and S,SO0

pounds applied to the end of the loading ]_ever subjected

the plate to maximum bending moments el ___,L_20 and SS, °°_:__

inch-pounds, respectively/, uniform over the middle 2&

inches of the span. All of the data presented in this re-

port, unless specifically indicated as being other_vise,

are those determined when the plate was subjected to a

constant bending moment of $8,220 inch-poum&s.

Figure 8 shows the stresses measured at all the sta-

tions on the top and the bottom surfaces of the plate.

All stresses measured on the top of the plate were com-ores-

sion, and those on the bottom _ere all tension. Figure 8

shows that the maximum tan}_ential stresses at the edge of

the hole are the stresses normal to the transverse axis.

]Vith few exceptions, the ma_]nitudes of the stresses meas-

ured at corresponding locations on opposite surfaces of the

,._ 0 poundsrelate differed from each Other' by not more than _0
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per square inch and, in most cases, the differences were
less. One notable exception is the compressive stress of
6,200 pounds per square inch measured on the top of the
plate at station D-6 (fig. Z) as compared with a tensile
stress of 6,950 pounds per square inch measured at the
corresponding station on the bottom of the plate. Figure
9, which shows the measured stresses at stations D-$ and
D-6 plotted against the load on the loading lever, indi-
cates tilat the magnitude of tile stress on the top of the
plate at station D-6 was very probably about 6,750 pounds
per square inch instead of the measured value of 6,200
pounds per square inch.

Figure i0 shows the distribution and the magnitude of
the longitudinal stresses along the transverse center line.
Yet the sake of simplicity, the magnitudes of the stresses
measured on opposite surfaces of the plate have been aver-
aged and these average values have been plotted. On one
side of the hole, the maximum stress was 6,850 pounds per
square inch and, on the other side, 6,860 pounds per square
inch. From the close a_reement of these two stress values
it is evident that the difference in the edge distances
had no appreciable effect on the magnitude of the maximum
stress at the edge of the hole. In other words, this
agreement indicates that, if the plate had been turned 90 °
so as to have the hole in the center in both directions,
the maximum stresses would have been the same as those
measured in the case investigated.

Goodier (reference 6) has shown that the tan4ential
and the radial stresses at any point in a plate of infi-
nite width containin_ an open circular hole and subjected
to uniform bend.in_ moment normal to the plane of the plate
may be expressed as follows:

f : 3-i i 1
r 2Z L

a s _ Z i-_ a_\ 2@ li
x--_ ...... Xr-_ cosr - S+ b .]

.L

fe +(l-m) + ...... Xr- -s
2Z k S+b

whe r e

i-_ a _', q
---x s 2@ j

(2)

fr is radial stress, pounds per square inch.

f@ , tangential stress, pounds per square inch.
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M applied bendin_ moment per inch of width,

inch-Toounds per inch.

section modulus of plate ]per inch of width,

in s per inch

a, radius of hole, inches.

r radial disto.nce from the center of hole,

i nch e s.

_,,n_le between transver_:_e center line and line

a!on_ which r is measured, a'.-_shown in

figure 7.

Equation 1) shows that, _t all points at the ed_Te of

the hole (r = a), the radial streso is zero ano. ap!)roaches

a definite limitin_'_ v'_Itte _t r : co. Obviously, this equa-

tioc _ s inapplicable to ,_-__)l_te of _inite width because in

this case, the radial stress is zero at the ed,_e of the

o.olate as _,vell as at t.ue_ e'_eo_ of the hole. _quation (2)

shows that the tangential stress has minimum values when

r = a and. @ = 90 ° and 270 °, and maximum w_lues w_ en

r : a and 6 : 0 ° _._nd 180 °. in other word.s, the maximum
t on _" " - "...._entmal stress at the ed@e of the hole is normal to the

tr,._nsverse_ center line, o.nd_, the minimttm tan"'ential-_, stress.

is normal to t!ie lon.-_;itudinal canter li:o.e. ]Vhen r : a

_'_nd @ = O ° or 180 ° , equation (_) reduces to

-?

m,_x Z ( Z + _ )

_vhe r e

is the maximum ta,n_;entie_l stress at ed_ze of

hole, po"_l:a@_s per square izich.

9"or aluminum, the fere_';oina_ expre.s'._io:a reduces to

I 87M/Z and fo_ st_.el to I o_v/Z or I 8,J_.,i/Z, dependin_

on whether a value of 0.25 or O.ZO is us,_c,, for Poisson'<'

ratio .

The computed maximum fiber stress across the <ross

section of the test plate, ;,vhen subjected to a bending mo-

ment of _8Z ,220.. q_nch-oounds, was _Z,700 pounds per squ_re

inch and, on the be..sis of this v,t_olue, the maximum measured

stress o{ 6 850 (-?i_ ]0) indicates thstt the _t,_ess -

concentration factor at the edge of the hole was 1.85.
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This experimental!y determined value of stress-concentra-
tion factor differs from the theoretical value for an in-
finite plate by only I percent. Goodier's expression for
stress concentration at the edge of a circular hole in a
plate of infinite width subjected to uniform bending nor-
real to the plane Of the plate is evidently _pplicable,
with no appreciable error, to plates of finite width in
which the ed_Ze distances are at leL_st 2-1/2 times the di-
ameter of the hole. Fbr the particular pl<:_te tested, the
stress-concentration f_:_ctor based on the computed stress
on the net section was 1.59. Obviously, as the ratio of
the width of the plate to the die, meter of the hole is in-
creased, the stress-concentr_tion factor based on the com-
puted stress on the net section approac_es a value of 1.87
as a limit.

The stress-distribution curve on the right of figure
I0 shows that the ma_nitude of the longitudinal stresses
alert@ the transverse center line falls off rapidly and,
at a distance of 2.5 times the ra_zu of the hole from the
center of the hole, the stress reaches a value that, for
all practical purposes, remains constant to the edge of
the plate. The distribution curve on the left of figure
i0 is similar to th_,t_ on the right for a distance of about
9 inches from the center of the hole, but the stress
reaches a minimum value at a point about 17 inches from
the center of the hole a,nd then _'radu_]!___ _,. y increases from
this point to the edge of the plate. FixTure i0 also shows
Goodier's theoretical distribution of lon_itudinal stress
alert@ the transverse center line, for :_ _21ate of infinite
width. A summation of the areas under the two curves
shows that the theoretical stress distribution accounts
for 97.5 percent of the applied external moment and that
the measured stress distributio:l accounts for only 93 per-
cent of the external moment. An inspection of the two
curves shows that a large part of this difference results
from the fact tn_t a oart o_ the measured distribution
curve dips down to a minimum value between the edge of the
hole and one edge of the plate. It is probable that this
low stress area may have been the result of unavoidable
irre@ularities in loadin_. _hen the _late ws_s s_bjected
to very light loads, the load in_ rollers m_e a nonuniform
contact across the plate, contact bet_veen the plate and
roller occurrin@ only at the high spots on the plate.
_ven when the full load. was applied, at a number of points
the rollers did not mai<e contact with the plate.

Fi@ure ii shows the magnitude and the distribution of
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the measured transverse stresses aloha] the transverse cen-
ter line of the plate, These stresses are obviously zero
at the edges of _the plate and at the edge of the hole.
Between the ed{e of the hole and. the edge of the _0]_ate

el
nearest to the hole (edge distance : _N x diameter), the

stress reached a maximum value at a distance of about one

diameter from the center of the hole; _.vhereas, between the

edge of the hole and the ed_e of the p!_<te farthest from

the hole (edge distance : ,!-S/8 x diameter), the maximum

stress occurred at a distance of about two di_}_meters from

the center of the hole. Figure il also shows the computed

transverse stress distribution for a plate of in:finite

width. The measured stress curve and the Computed stress

curve are in reasonable ..... . _<_reement on both s_des of the

hole up to the point where the ,stress in the plate of fi-

nite widths begins to decre_,_se: that is, for a distance

of one or two diameters from the center of the hole, de-

pendin@ on the edge distance.

The distribution of the lon._'.;ifudinal stresses a.lon<

the lon,_itudina! center line is sho_vn in fi_ure 12. The

lon_itudinal stress is zero at the ed,_e of the, hole and

_pproaches a stress value equal to the stress in a solid

plate at the load line. The curve for the infinite plate

differs from the curve for the plate of finite width in

that it is steeper near the ed,_e of the hole and flattens

out more rapidly.

Ni,_ure IZ shows the distribution of transverse stress-

es along the lon_;itudinal center line. At the edge of the

hole, the measured stresses in the 55-inch wide plate were

about 12 percent higher than the computed stresses for an

infinite plate. The maximum values of transverse stress

measured along the longitudinal center line were about 2.6

times the stress that would exist at the same point in a

solid plate. In any event, both the !onqitud.inal and the

transverse stresses aion_ the !on._itudinal center line are

of sma_ importance because the maximum stress at any

point alert@ this lime is only as high. as the stresses in

a solid plate at the load line.

Figure I_ shows the stress distribution throu,_h the

thickness of the elate at stations D-,-_ and D-6 (fig. S).

The values plotted are the avera_-]e of the stresses meas-

ured at the two statio:as. The distribution of the stress

throu@_h .the thickness of the plate is seen to be linear.

These data were obtained from strain measurements taken

inside the hole vTith tensiometers having knife edges about
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{] i (_ •,. ,.8 inch wide, hence, th.e s,ctua_l position o{ the _a{e

like witk respect to the surface of the o].9.te w_s not defi-

nitely known. In _.!I prob<_bilit_f, however, one actu,%l po-

sition of the <_a{e line did not differ from the points

_n l/plotte, d _5:" more t:_n S2 inch.

m_c deflections of t __n<<-,_)7-_te alon_ vsrious longitudi-

"nrL! sections ;-,_re shown in fi_ure 15. Fi_£ure 16 shows t .....,t

a.i! -ooints _!on'_ any tro_nsverse section deflected practi-

c,?llzf the s_%me Pomount. In fi_;ure 17 th.e deflections meas-
7' _' _-_& 5-5 whichareal alon_ tke !on_itudinal sections -_-o ....._ , ,

_ro t_n_4ent to the ed4e of tke hole, oond the deflections

meas_mred, a!on_ tke io.n_itudinal center line have been com-

r,_red u,ith co_rout_d d.eflection vp_!_zes The deflections

mecsured, s_ion_ section Z-Y: were, within the limits of

r'_ea•sv_remen_ error,• eq_za! to the deflections me,.....ured _%long

section _:-5 o.d., cons _ __._ • _, eqq=ently, in {i£ure 17 only the %ver-

._;e:• curve for t:b._se., two sections has bsen ....o_o_ted. Fi_ure

17 s].:ou_s t:c_.at the r:e:_sRre& d_eflections s.iong the three

sections n_,_reed wit}:z the computed deflections to within a

few thous::.udths of _;n ".nch. The computed d.ef!ections were

determine& from _c>cd.ier's expression (reference 6) for the

deflection of a.u infinite p].,_,te containin_z an open circu-

_ecte,_ +o uni<orm bendin_ normal to the!ar hole nmd sub_ .........

plane of the hole:

<

l i - b y ;.m e']
+- _ x S + b "-,-b' r _ . ..!

wh e r e

is deflection, inches.

plate modulus -
I - b

i 3 mome_}t of i_:_ert-;s_ of plate per inch of

width, _n _,er inch

distance_ alon{ X axi,,_ (_'_'__l_.7) from center

of hole to po-_nt considered, inches.

one half the le.___._ of the section under

constant bending moment, inches (a << b).
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The agreement between the measured ar, d the computed
deflections (fig. 17) .indicates that Goodier's expression
for the •deflection of infinite plates in the vicinity of
the hole is applicable, without a significant error, to
the plates of finite width in which the len,_th under con-
stant bending moment is as short as three timcs the dia_:-
eter of the hole.

_i<ure 18 shows a comp_rison between the measured de-
flections at sections _:-,Z and 5-5, and the computed deflec-
tion of a solid, plate "asin..?; a value of 11,600,000 Doands

per square inch for the plate modulus. From this figure,

it is evident that the _'aximum deflection of the plate

._ _ about 20 percentcontaining an o_en circular __,ole _va,s

_reater than the compated maximum deflect, ion of a solid

_late_ o _ the same size loaded in the "oa.nre ,.,_"_-_,.:_,_n_r.

CONCLUS ! 0i7S

The fore_oin,_ results and. discussion pertaining to a

•plate containing an open circular hole, whose diameter is

relatively large compared with the thickness of the plate

and subjected to uniform beading normal to the plane of

the plate may be summarized, as follo_,vs:

I Stress concentr _" _ a,t• a_,mons occ_e_rr_c_, the edge of the

hole, t_e maximum stres_es bein_,] t__n,._.,_tieol to the hole at

the ends of the transverse diameter.

_:. The maximum stress at t_e ed.{_e of the hole _,_as

1.59 times the computed stress on the net section and 1.85

times the computed stress in a solid plate of the same d.i-

mensions subjected to the came "oend.ing forces.

• !,Z. The smallest edge o_istance was eq71al to 2-1 2

times the diameter of the hole, and the stress concentra-

tion on this side of the hole was the same as on the _,_id.e

where the ed.<e distance was about 4-1/2 diameters.

4. A theoretical ans, lysis of the [!_roble, m shows tha, t,

for _:tn aluminum [plate' of infinite width, the stress con-

centration at the ed-_e of the hole would be 1.87 times the

stress in a solid.' plate, _,:hich is, s_bstantia, ll[T the s:_me

relation obtained on the [ola,te tested..

5. From the fore_foin,_<, it may be concluded th<:_t the
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stress-co_n, centratio;m factor based on _ross area would be
the same for _,n.y width of p]_e+,,e provided th_ the edge

distance _vas at least 2-1/2 diameters,

6. The maximum deflections wore about 20 percent

<reater than the corresponding deflection for a solid

plate of the same size subjected to the, same bendin_

foroos.

Aluminum Company of America,

Al_l:_,znum Research La, borato_ies,

lCe_.vKensin#;ton, Pa. , J_lly 21, 1939.
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Figure 2.- Method used to support and load plate•

CJ

0

0

Z
0

@

(D

3,000

r4

,_2,000
0

1,000

,/ / / /
/ / / /

/ / / /
/ / / /
L top //_-4 bo';tom _-3 tol_ _ bo'tom

/ / /
Measured stress, lb. per sq. in.

Figure 9°- Load-stress curves for gage lines at edge of open hole in a plate.

m_
W

%0



%

11

A _ C D E F G H I

4-1/2"

_-4--- )-- @-

I I ! .

I ( 4"

I , 4.

-_-_--_'_i'_---+_,- .... --+-,I-" /_

, i t : , i I I i / I

Figure 3.- Location of strain-measurement stations. Figure 4.- Location of deflection-measurement stations.

o

@
o

g

o
o
ID

o

Q

o.



N.A.O.A. Technical Note No.V40 Fig. 5

0

4_
0

#o

0

_D

o

wO

O_

2.®
m_

w i...t

,el



N.A.C.A. Technica! Note No.740 Fig. 6

,-4

o

o

o

o

®

.,4

o

c

_-_ o

_,4 m
o

_,_

I:_ II

I

d



N.A.C.A. Technical Note No. 740
Y

Fig. 7

I

,/ t_>,,, \
.....!,,,..........._-_--;.--+--._!-7---

",......... / -_--_.b<. r

_'_,,.<_.

i

X

t
1 t"
I I

i I

I l

Fi_ure 7.- Coordinate axes of plate.



N.A.C.A. Technical Note No. 740 Fig. 8

=

-- 8"--> -=3-i/2"-: ,2-!/B'-'

+3,170 +I_80C

. _
_a eC

o c

I
I

L

I

_-i/S"

8-1/8"

I ; -i/2"

,I i -!/2"

:Ipo,,

'16"

24"

i

36"-

+ Indicates stresses measured on bottom side of plate

- _ . w " tOp " _ "

Figure 8.- 8tresses measured at various locations on plate.



N.A.C.A.Technical Note No. 740 FiGs. I0,ii

35

rated averEge stress oaeed on ret s( ct I o_

......... Oo_ ,uted str_

Measured stress ,,

e

I
30 25 20 15 I0 5 5 I0

Distance from center of hole, in.

r in:inlt_ plate

15

Figure i0.- Longitudinal stress along Y-Y (transverse center llne) of plate with open hole.

/

as for inflnit_ plal e

Distance from center of hole, I_.

\
\

Figure ii.- Transverse stress along Y-Y (transveree center line) of plate with open hole.

\
\

\

15



N.A.C,A.TechnicalNoteNo. 740 Figs. 12,13

Measursd stress

Computed stress for

infinite plate

X-- mX

Figure 18.- Distribution of longi-

tudinal stress along
X-X (longitudinal center line).

Computed stress on gross section

for plate without hole

Heasured stress

......... Computed stress for

infinite plate

k

4

l _--_---36"_ i

5,000
i

2, O0

l,OOO

t

A
Dist_ce from center of hole, in.

X

,

Computed stress on gross section

for plate without hole

I

_o

/

//

/
4 6

i
I

I
lO

Figure 13.- Distribution of trans-

verse stress along X-X
(longitudinal center llne).
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Figure 17.- Oomparison of meas-

ured and computed

deflections for a plate contain-

ing an open circular hole.
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and eomputed deflection
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